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Some of the most widely used indices in molecular similarity searching are intrin-
sically symmetric in nature, meaning that each molecule under comparison contributes
equally to the similarity index. For example, the Carbo6 and the Hodgkin—Richards sim-
ilarity indices are respectively, related to the geometric and arithmetic averages of the
molecular self-similarities. This work introduces the asymmetric forms of an entire fam-
ily of field-based molecular similarity indices. By incorporating a weighted contribution
of each molecule into the similarity index, the newly obtained asymmetric forms allow
for measuring and modulating the similarity of one molecule in the context of another
and thus have the potential of alleviating the size dependency often observed in chem-
ical similarity searching.
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1. Introduction

Similarity and dissimilarity are two alternative viewpoints of the same rela-
tional concept when comparing a pair of objects. In a clear abuse of nomen-
clature, the overall comparative concept is usually referred to as similarity or
dissimilarity depending on the predominance of common or uncommon fea-
tures between two objects. The fact that similarities and dissimilarities are both
embedded in a single similarity concept enforces the comparison of objects to
have a symmetric character, which means that object i is as similar to object j as
j is to i. In this respect, when attempting to quantify the similarity between two
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objects, preservation of this symmetric character has the advantage of reducing
the overall comparison to a single value but some interesting information regard-
ing their relative comparison may remain masked. Furthermore, the significance
of this global value cannot be unequivocally determined. It is evident that high-
similarity values are related to the fact that both objects possess far more fea-
tures in common than uncommon. However, different cases can be distinguished
when low-similarity values are observed. On one hand, object i may be fully
comparable to object j and consequently the low-similarity value comes strictly
from additional salient features of object j. On the other hand, none of the
objects may be fully comparable to the other, low-similarity being then related
to the fact that both molecules neatly present diverse features. Thus it seems
clear that besides the overall comparison, means to assess the relative compar-
ison between objects can provide relevant new insights to understand their com-
parability.

On the basis of empirical results from a wide range of domains, Tversky
developed a contrast model to explain the asymmetric character of similarity [1].
In the contrast model, similarity is defined as an increasing function of common
features and decreasing functions of distinctive features as

Sij=0-fGNj)—a-f=j—=p-fG -1 (D

in which similarity, S;;, between i and j is defined in terms of the features com-
mon to i and j, i N j, the features that are distinctive to i, i — j, and the fea-
tures that are distinctive to j, j—i. The variables 0, o, and 8 are parameters that
determine the relative weights of these three components of similarity and intro-
duce some flexibility to the definition of similarity in whether common or dis-
tinctive features will have more influence. The function f measures the salience
of a particular set of features. Therefore, according to the contrast model, the
asymmetric character of similarity is explained by differential salience and differ-
ential weighting of distinctive features. An important aspect is that Tversky rec-
ognized also that the salience of features is not fixed but may vary with context.
For example, a set of features in object i may be salient in the context of object
j but not in the context of object k and thus the parameters 6, «, and § in the
respective comparisons will vary depending on the context.

In the same lines, Holman proposed a descriptive model of asymmetric
proximity that incorporates similarity and bias [2]. It was later referred to as the
additive similarity and bias model by Nosofsky [3]. In the additive similarity and
bias model, the proximity of object i and j, P;;, is given by

P,-j=F(Sij+rl-+cj), (2)

where F is an increasing function, S;; is a symmetric similarity function and r;
(row) and c; (column) are bias functions on the individual objects.
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Inspired by Tversky’s work, Johannesson proposed more recently the rela-
tive prominence model [4]. In this model, the experienced directed similarity from
objects i to j is proportional to some symmetric similarity measure between i
and j, §;;, and the quotient between the prominences for j, j,, and i, i,.

Pij = S;j - o, 3)
'p

The similarity concept has found also wide applicability in chemistry [5],
in particular for the searching of chemical databases [6]. Despite its widespread
use, few efforts have focused on analyzing the implications that the asymmet-
ric character of molecular similarity may have in this field. Those efforts have
mainly focused on deriving and applying an asymmetric form of the Tanimot-
o coefficient to similarity searches of bit string-based molecular representations
[7-9]. However, many molecular similarity studies rely on the use of molecular
fields [10-12] and an entire family of similarity indices has been described to
assess field-based molecular similarity [13, 14]. This contribution complements
the analysis presented earlier on a family of field-based molecular similarity indi-
ces [14] by introducing the generalized asymmetric forms derived for the most
commonly used similarity indices within this family, namely, the Carbd, Hodg-
kin—Richards, and Petke indices, as well as two other related indices.

2.  Symmetric field-based similarity indices

In a recent work [14], an analysis of a family of field-based molecular sim-
ilarity indices was presented. The indices of this family take the general form
Q

Sij = A—U, 4
ij

where the similarity measure, €;;, is given by the inner product

Q;j =fFi(r)Fj(r)dr (%)

and F; and F; are field functions for the ith and jth molecules, respectively.
The denominator, A;;, is made up of a specific combination of self-similarities,
Q;; and Q;;, and acts as a normalizing factor that defines a particular similar-
ity index. The self-similarities always satisfy the relation ;; > 0 and thus the
bounds of S§;; are determined by the nature of the field functions. For non-neg-
ative field functions, as is the case for steric fields, S;; € [0, 1], the two limit val-
ues of 0 and 1 reflecting complete dissimilarity and identity, respectively. When
field functions can take negative values, as is the case for electrostatic potentials,
Sij € [-1, 1], the limit value of —1 reflecting the situation of perfect complemen-
tarity [14].
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The most commonly used similarity indices within this family are given in
equations (6)—(8) and are usually referred to as the Carbo (C;;) [15], Hodgkin—
Richards (H;;) [16], and Petke (P;;) [17] indices, respectively,

Q.
Cj=—= (©)
T (i - )2
o
Hj=—"—, (7
3 (L2 + €2;5)
o
. )]

Pij = .

max(£2;;, 2;;)

Two additional indices related to the Hodgkin-Richards (H;) and Petke (P)
indices were also defined in a recent publication [14] as

H:;: 1,6-1 -1 -
(bt + o))

©)

L — (10)
mln(Qi,-, ij)
The denominator in each of the five indices corresponds to a particular form of
average [18]. Specifically, the denominator in equations (6), (7), and (9) corre-
sponds, respectively, to the geometric, arithmetic, and harmonic averages of the
self-similarities €2;; and ;.
Two additional relative comparability indices can be defined, namely,

Q

R =2, 11

i=q, (11)
Q;;

Rj; = =1, (12)
Qjj

where R; ; is the relative comparability of the ith molecule to the jth mole-
cule and R;; is the relative comparability of the jth molecule to the ith mol-
ecule. Assuming €2;; is essentially the overlap between the ith and the jth mole-
cules, if the field functions are non-negative definite and the self-similarities are
representative of some measure of the size of the molecules, then R; ; and R;;
become the fraction of the ith molecule that is similar to the jth molecule and
the fraction of the jth molecule that is similar to the ith molecule, respectively,
being thus a reflection of the relative prominence of each molecule with respect
to another. In Tversky’s terms, R; ; would be the similarity of the ith molecule
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in the context of the jth molecule, whereas R;; would be the similarity of the
jth molecule in the context of the ith molecule.

The Carbo, Hodgkin—Richards, and Petke indices and their related forms,
as given in equations (6)—(10), can now be expressed as

Cij = (Ri,j . Rj’i)l/z , (13)

-1
Hy =3 (R)+R))] (14)
Pij = R, (15)
H; =5 (Rij + Rji). (16)
Pl =Rj;. 17

Interestingly, equations (13), (14), and (16) reveal that the original forms of
the Carbd, Hodgkin—Richards, and the related Hodgkin—-Richards indices cor-
respond to the geometric, harmonic, and arithmetic averages of the relative
comparability indices as defined in equations (11) and (12). On this basis,
equations (13), (14), and (16) will be referred to as the symmetric forms of
the Carbo, Hodgkin—Richards, and related Hodgkin—Richards similarity indices,
respectively.
Without loss of generality, it can be assumed that

Qi = Qj;. (18)

The self-similarities of the ith and jth molecules are then related by the scale
factor u,

ij = - Qi (19)
where 0 < u < 1, and thus
Rl,] :/_,L‘R]’l. (20)

Accordingly, the similarity indices given in equations (13)—(17) can be rewritten
as

Cij = ,[,{,_1/2 . Ri,jv (21)

Hj;=——"R

i (22)
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.t
ij = o R ;, (23)
Pi=u""Rij (24)

with P;; being given directly by equation (15).

3.  Asymmetric field-based similarity indices

The definition of the relative comparability indices in equations (11) and
(12) insinuates already the asymmetric character of similarity. For any two mole-
cules for which @;; # Q;;, then R; ; # R;;, which reveals that in general the rel-
ative comparabilities of molecules are asymmetric. Taking this concept further,
the symmetric forms provided in equations (13), (14), and (16) can be general-
ized by differentially weighting the contribution of each molecule to the similar-
ity index as

Cij=R/;" RV, (25)

- . 1!
Hy=[(=w) R} +w-R| . (26)
Hj=(0-wR+w-R;;, 27)

where w € [0, 1] is a weighting factor of the relative comparability between the
ith and jth molecules. In the limit case of w = 0, all indices converge and are
equal to R; ;. This corresponds to the case where all of the weight in the rel-
ative comparison of the two molecules being given to the ith molecule. In the
other limit case of w = 1, all indices converge now to R;;, reflecting the situa-
tion where all of the weight is now given to the jth molecule. When w = 1/2, the
original symmetric forms of the similarity indices are recovered. For this reason,
equations (25)—(27) will be referred to as the asymmetric forms of the similarity
indices.

Combining equations (25)—(27) with equations (13), (14), and (16), respec-
tively, the following relationships between the symmetric and asymmetric forms
of the Carbo and Hodgkin—Richards indices can be deduced

~ w—1/2 —(w—1/2
Cij=Cy-RyTZ R ("7 (28)

H~—[H—1+( )R —w—12) R 29
= [H =12 R = =12 R} (29)
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o X

Hy=H:+w—1/2)-Rj; — (w—1/2) - R; . (30)

At this stage, it is remarkable to realize that the asymmetric forms of the sim-
ilarity indices defined by equations (28)-(30) are reminiscent of the asymmetric
models of similarity proposed in other contexts [1-4]. In this respect, the asym-
metric Carbo index, equation (28), takes the form of the relative prominence
model proposed by Johannesson [4], equation (3), from which j, = R;fi_l/ ? and
i, = R}f) j_l/ ? reflect the relative prominences of j and i. Alternatively, the asym-
metric related Hodgkin-Richards index, equation (30), is consistent with both
the original contrast model proposed by Tversky [1], equation (1), in which 6 =
LLa=w-1/2,B=1/2—w, f(i—j)=R;;, and f(j —i) = R;,;, and the prox-
imity model proposed by Holman [2], equation (2), in which r; = (1/2—w) - R; ;
and cj = (w — 1/2) . Rj,,'.

Considering equations (18)—(20) the asymmetric forms of the similarity
indices are given by

Cij=pn"- Rij, (31)
Hij=[14+w-(u—-D]" R, (32)
Hy=[l+w-('=D] R (33)

which, when combined with equations (21)—(23), yield the simplified relation-
ships between the symmetric and asymmetric forms

Cij=Cyj - 712, (34)
. w41
H; = H;; - , 35
PR T v w - (= )] (33)
_x L2 [1+w (=D
H;=H}" . . (36)

4. Relationships among asymmetric similarity indices

It was demonstrated in a previous work [14] that the symmetric forms of
the five similarity indices follow the ordering

P, < Hj; < Cij < Hj < P (37)

Taking into consideration equations (15), (24), and (31)—(33), the following rela-
tionships can be derived

I<O4w-(w=DI"'<p <l+w- ' =D <p (38)



114 J Mestres and G.M. Maggioral Asymmetric field-based molecular similarity indices

from which it can be deduced that, for a given w, the inequality defined in equa-
tion (37) also holds for the asymmetric forms of the similarity indices,

- - - ¥

Pj < Hjj <Cij < H; <P (39)

The following analysis will focus on the relationship between the Carb6 and
the Hodgkin—Richards indices, since they are the most widely used indices in
field-based molecular similarity. Taking the ratio of the original symmetric forms
given in equations (21) and (22) yields

Hij . 2#1/2

40
C,’j M+1 ( )

The ratio goes to unity as ¢ — 1, that is both indices become equal. However,
as u — 0 the ratio approaches zero, that is the difference in value between the
two indices becomes increasingly large.

Taking equations (31) and (32), the relationship between the asymmetric
forms of these two indices is given by

w

"

T ltw- (-1 “1)

oz

The trend followed by this ratio upon varying the values of u and w is illus-
trated in figure 1. Also indicated in figure 1 with a dotted line is the relationship
that would arise from using the original symmetric forms as derived in equation
(40). The general trend observed is that the larger the difference in size between
the two molecules under comparison (that is, the smaller the w), the larger the
difference between the values obtained for these two similarity indices (that is,
the smaller the value of their ratio). For w = 0 and w = 1, the two limit cases

of asymmetry, the similarity indices converge to C;; = H;; = R;; and C;; =

H ij = R;j;, respectively, and thus the ratio approaches unity. For u € (0, 1), the
relationship defined in equation (41) reaches a minimum when
J___L_ 42)
T lnp -1
Taking the limit as u — 1, the weighting factor w approaches the value of
0.5, that is, as the fields of the molecules become more comparable, they tend to
contribute equally to the similarity index and thus the asymmetric forms con-
verge to the symmetric forms. Taking the limit as w — 0, then w approaches
unity, that is the similarity indices converge to éij = H ij = Rj;. It can also
be noticed that this minimum deviates increasingly from the symmetric position
(w = 0.5) as the difference between the self-similarities of the two molecules
becomes more significant.
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Figure 1. Relationship between the asymmetric forms of the Carbé and Hodgkin—Richards similarity
indices, equation (41), upon varying the weighting factor (w) for different self-similarity ratios (u).

5.  Generalized asymmetric similarity index

A generalized similarity index was recently introduced [14] to define this
family of similarity indices not as a discrete set of five indices but as a continu-
ous set of indices of the general form

Q)
S,'j ()\.) — Aij (jk)’ (43)

where the self-similarity normalization term in the denominator, A;;, corre-
sponds to a particular form of average [18] defined as

A A 1/x
(e “
Al]()\’)_ 2 ) ( )

and the parameter A can take values in the range of —oo < A < oo. It can be
demonstrated [14] that for the particular cases of A =1 and A = —1, A;; corre-
sponds, respectively, to the denominator in the Hodgkin—Richards, equation (7),
and the related Hodgkin—Richards, equation (9), similarity indices. As the limit
of A tends to 0, A;; achieves the expression found in the Carbé index, equa-
tion (6). Finally, taking the limits as A approaches co and —oo, one can recover,
respectively, the Petke, equation (8), and related Petke, equation (10), similarity
indices.
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Arranging the generalized similarity index in equation (43) in terms of the
two relative comparability indices defined in equations (11) and (12) gives

S,;(3) = [% (R} + R;})]_m. (45)

By considering equations (18)—(20), equation (45) can be further simplified to

A —1/x
+1
Sii(A) = (M > ) “R; (46)

from which the expressions for the five particular similarity indices given in
equations (15) and (21)—(24) can be deduced.

Equation (45) will be referred to as the symmetric form of the generalized
similarity index. The incorporation of a weighted contribution, w, of each mol-
ecule results in

_ —1/n
Sy = —wy - R} +w- R (47)

which will be referred to as the asymmetric form of the generalized similarity
index. By taking into consideration of equations (18)—(20), equation (47) leads
to

gij()x) = [1 +w - (M)L — 1)]_1/)L . Ri,j (48)

from which the asymmetric forms of the Carbo and Hodgkin—-Richards similar-
ity indices given in equations (31)—(33) can be deduced.

Finally, by combining equations (46) and (48), the relationship between
the symmetric and asymmetric forms of the generalized similarity index can be
obtained

(49)

2.[1+w‘('u)h_1)] —1/x
w* +1 ’

gij()‘) = S8;;(A) - (

6. Summary and conclusions

Means to quantify molecular similarity are widely and regularly applied to
assess the similarity of one molecule to another. These measures are tradition-
ally of an intrinsic symmetric nature, implying that relevant information related
to the salient features present in each molecule when compared to another may
be lost in the process [5, 8]. Therefore, additional means with an inherent asym-
metric character are required to extract the individual contributions of the mol-
ecules under comparison and allow measuring and modulating the similarity of
one molecule in the context of another.



J Mestres and G.M. Maggioral Asymmetric field-based molecular similarity indices 117

The present work introduces a generalized asymmetric similarity index cov-
ering both the symmetric and asymmetric forms of a family of field-based
similarity indices that include some of the most widely used indices, namely,
Carbo, Hodgkin—Richards, and Petke indices, as well as two other related indi-
ces. The newly obtained asymmetric forms of the similarity indices incorporate
a weighted contribution of each molecule into the similarity index in a manner
consistent with some of the asymmetric models derived in other contexts [1-4].
An open question at this stage is the most appropriate form of the weighting
parameter introduced in the various asymmetric similarity indices. This would be
the focus of future research in this direction.
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